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ABSTRACT

The bound state solutions of D dimensional Dirac equation for q-deformed trigonometric Scarf potential under excat spin
symmetric limit is investigated using Romanovski polynomial method. The Dirac equations in D dimension for g-
deformed Scarf potential in the exact spin symmetric case reduces to Schrodinger type equation for shape invariant
potential. In the approximation scheme of centrifugal term, the D dimensional relativistic wave functions are expressed
polynomial form and the D dimensional relativistic energy spectra are numerically calculated using Mat Lab from
relativistic energy equation.
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INTRODUCTION

Relativistic Quantum Mechanic plays important
roles in some area of physics. Finding an accurate exact
solution of Dirac equation for a certain potential is one of
its important roles. The bound state solutions of Dirac
equation for some potentials, in the case of spin and
pseudo spin
NU method
Romanovski
The
between repulsive vector potential with the attractive

symmetries, have been investigated using
[1-6], SUSY QM method [7-11],
polynomial method [12-16] by

spin symmetry occurs when the different

and
some
authors.

scalar potential is equal to constant, while the pseudospin
symmetry arises when the sum of the scalar potential
with vector potential is equal to constant. Spin symmetric
and pseudospin symmetric concepts have been used to
study the aspect of deformed and superdeformation
nuclei in nuclear physics. The concept of spin symmetry
has been applied to the spectrum of meson and
antinucleon [17], and the pseudospin symmetric concept
is used to explain the quasi degeneracy of the nucleon
doublets [18], super-deformation in nulei [19].

For very limited potentials, three dimensional
radial Dirac equations are exactly solved only for s-wave
(1 = 0). However, the three dimensional radial Dirac
equations for the spherically symmetric potentials can

only be solved approximately for 1#0 states due to the

approximation scheme of the centrifugal term ~r(-2)[1-

3, 12-16, 20].
Furthermore, in

the extension

dimensional spaces for some physical problems is very

higher

important in some physics area. The D-dimensional non-
relativistic and relativistic physical systems have been
investigated by many authors,

[21],

such as ring-shaped

pseudoharmonic  potential isotropic  harmonic
quadratic [22],
Pseudoharmonic potential [23], Kratzer-Fues potential
[24-25],hydrogen atom [26],modified Poschl-Teller
[27], linierly energy dependent quadratic
potential [28], trigonometric scarf potential [29], ring-

shaped Kratzer potential [30].

oscillator plus inverse potential

potential

In this paper, the Dirac equation for a charged
particle that moves in a field governed by q-deformed
Scarf potential [15,28,31] in D dimension is investigated
using finite Romanovski polynomial for exact spin
symmetry case. Romanovski polynomial is traditional
method which consist of reducing Schrodinger equation
by an appropriate variable substitution to a form of
generalized hypergeometric equation [32].



The polynomial was discovered by Sir E. J. Routh [33] and rediscovered 45 years later by V. I. Romanovski [34].
The notion “finite” refers to the observation that, for any given set of parameters only a finite of polynomials appear
orthogonal [35-36]. The radial D dimensional Dirac equation reduces to one dimensional Schrodinger type equation
by suitable variable change. Some of hyperbolic and trigonometric potentials are exactly solvable within the
approximation of centrifugal term and their bound state solutions have been reported in the previous papers [12-16].
In the non-relativistic limit, the relativistic energy equation reduces the non-relativistic energy equation. In classical
regime, the thermal properties including vibrational partition function Z, mean energy U, and specific heat C [37-38]
are obtainable by applying the non-relativistic energy equation.

This paper is organized as follows. Brief review of Dirac equation in D dimension, q-deformed trigonometric
potential and Romanovski polynomial are presented in section 2, solution of D dimensional Dirac equations is
presented in section 3 and conclusion is presented in section 4.

Basic Theory

2.1 D dimensional Dirac Equation
The Dirac equation with the scalar potential S (7) and magnitude of vector potential V (') is given as in Hu et al.
[39]
{a.p+BM +SFE)W () =1E -V (F) () (1)
where M is the relativistic mass of the particle, E is the total relativistic energy, and P is the D-dimensional hyper-
sphere momentum operator, — iV

Q:(O &J,andﬁ:{l OJ (2)
o 0 0 -1

with & are the three-dimensional Pauli matrices and I is the 2 X 2 identity matrix. The potential in equation (1) is
spherically symmetric potential, i.e. it does not only depend on the radial coordinate r = |F|, and we have taken

h=1,c=1.
The Dirac equation expressed in equation (18) is invariant under spatial inversion and therefore its eigen states have
definite parity. By writing the spinor in D dimension as [21]

V() = (:(f)] __L [Fx(nY,(8.9) o
a(r)) Gk (1Y;,(0.9)
If we insert equations (2) and (3) into equation (1) and use matrices multiplication, we achieve
G.pQ(F)={-M -S(F)+ E-V ("} () 4)
c.pl(F)={M + S(F)+ E -V (F PQ(F) 5)

In the exact spin and p-spin symmetric cases, when the scalar potential is equal to the magnitude of vector potential
S(7)=V(r) and for S(7)=-V(F), respectively, then the upper Dirac spinor obtained from equations (4) and (5)

are
G.p Mi‘E CF)={-M -2V(F)+ E} (F) (6)
o G.p 1 ~ 7
CP T E oy (P =M +EX () (7

By applying the Pauli matrices, it is simply shown that if (5‘ . ]3)(5 . ]3) = p?, then equation (6) becomes
p*+2V(F\M +E) () =(E> - M) (7) ®)

P’ —2V(F\M - EX )= (B - M) ) ©)



2 2
Since p = -A D= -V p Wwith the hyperspherical Laplacian VZD is given as [21]

2 _ 2
= a—+ (P-DHo 1 ! d sin”? @, d_|_ - LZD’Z (10)
db,,) sin"6,,

Vi =
P r or r’|sin”’é6,,deo,,

then equation (8) becomes

00 [ pa 0 | 1 1 d (. o2, dE®)) L, (-
9 9 S D S 0 _
" {r or (;(r)} r LinI} 0, ,db, (sm P a6, ) sin’6,, ) (a1

- (Vlr.6, o1 + EN¢ ) =—E* - M (7))

with the upper component of Dirac spinor is given as

_ 1 .

;(F)I {(x)= WE(’”)I/Z?..ZD,Z.(X =6,,6,....6,_,) (12)
r2

Y, , (8=6.6,..6,,)=26=p)H....6,_) (13)

where X is a D dimensional position vector in hyper-spherical Cartesian coordinate , the unit vector along X vector
is denoted as X = X/r and we have set V — (1/2)V in equation (11). By using variable separation method in

equation (11) we have,

{ +D_1)(l +D—3)
J*F D-1 D
)2 2 (- M+EDE ) =B M) (14
1 df. g, d L) .
@ in e, v+ j-y - T gy =0; jelp-2] a5
sin’ "' 6, do, T A R e R [2.0-2] a9
I 1 d . D=2 d 1 2

6, , — |+A4 ———I\L,,)-(E+M)V(O H@6, )=0 16
_sinD'ZHD_l 46, . (Sm D1 ng-J v Sin2t9D_2( D—2) ( ) (D—l) (. (16)

The D dimensional relativistic wave function are obtained from equations (14-16) with D is the dimension of the

space.

2.2 Review of q-deformed trigonometric function

The g-deformed trigonometric function is formulated in the same way with the formulation of q-deformed
hyperbolic function introduced by Arai [40] some years ago, in accordingly the q-deformed trigonometric function
is defined as the definition of trigonometric function as follows:

iar —iar

) e —qe e +qe . 5
sin, ar =————— cos, ar =————— sin, ar+cos, ar=q
2 2 (18)
sinq ar ) 5
tan ar = sec, ar = 1+tan, ar=gqsec, ar
cos, ar cos, ar (19)



dsin, ar d tan, ar 5
————=4acos ar ; ————— =qasec, ar (20)
dr dr
By a convenient translation of the spatial variable, one can transform the deformed potentials into the corresponding
non-deformed ones or vice-versa. In analogy to the translation of spatial variable for hyperbolic function introduced
by Dutra [41] we propose the translation of spatial variable for trigonometric function as follows

ln\/g ln\/g 21

ror+——and r—r——
1704 1124
and then by inserting equation (22) into equations (19) and (20) we have
. . sin cos
sin, ar — g sinar; cos, ar — /g cosar; or gingr — St cosar — 1Y (22)

Ja Ja
The translation of spatial variable in equation (21) can be used to map the energy and wave function of non-

deformed potential toward deformed potential of Scarf potential as in the case of hyperbolic Scarf potential [12, 15,
42].

2.3 Method of Analysis

The Romanovski polynomials is used to solve the Dirac equation in the limit of spin symmetric and pseudospin
symmetric cases since in the spin and pseudospin symmetric limited, the Dirac equations reduce to one dimensional
Schrodinger-like equation. One dimensional Schrodinger equation of potential of interest reduces to the differential
equation of Romanovski polynomial by appropriate variable and wave function substitutions. The one dimensional
Schrodinger equation is given as

AR
2M  ox’

where V(x) is an effective potential which is mostly shape invariant potential. By suitable variable substitution x =
f(s) equation (23) changes into generalized hypergeometric type equation expressed as

az‘Pz(s) LEG) d¥(s) + 52(S) PY(s) =0 24)
os o(s) ds O (s)

with o' (s) and & (s) are mostly polynomials of order two , 7 () is polynomial of order one, s, (s),5(s), and

+V(x)¥(x) = E¥(x) (23)

7(s) can have any real or complex values [47]. Equation (24) is solved by variable separation method. By
introducing new wave function in equation (24)

ﬁ ;atan’]s
¥ (=g, ()=1+s5)e> D "(s) (25)
we obtain a hypergeometric type differential equation, which can be solved using finite Romanovski polynomials
[12-16, 43-44] is expressed as

o(5)y" () +7(s)y'(s) + Ay(s) =0 (26)
with o(s)=as’ +bs+c; T=fs+h and —{n(n—1)+2n(1-p)}=A=21, 27)
— pW.a) — DB

and y, =R (s)=D,"“ (s) (28)
For Romanovski polynomials, the values of parameters in equation (27) are
a=1,b=0,c=1,f= 2(1-p) and h=¢q withp >0 29)
therefore equation (26) is rewritten as

2 p(p.q") (p.q)
(1+ sz)a% +{2s(=p+D+ q'}w ~{n(n-1)+2n1 - p)}R\"" (5)=0 (30)

s s

Equation (26) is described in the textbook by Nikiforov-Uvarov [44] where it is cast into self adjoint form and its
weight function, w (s), satisfies Pearson differential equation

d(c(s)w(s

doOWs) T(s)w(s) (€20)
ds

The weight function, w(s), is obtained by solving the Pearson differential equation expressed in equation (32) and by

applying condition in equations (27) and (29), given as



' tan—l
wr(s)=(1457) el (32)
The corresponding polynomials are classified according to the weight function, and are built up from the Rodrigues
representation which is presented as

B d" 2 n
=—= as”+bs+c) w(s 33
Y, w(s)ds”{( o) (33)
and is given as
R (s)=DY (s)= d d {(1+s2)"(1+sz)—f'eqm‘l"‘”} (34)

(L+87) 7 e?™ ) ds”
for Romanovski polynomial with B, is a normalization constant, and for o(s) > Qand w (5)>0, y,(s)’s are

normalized polynomials and are orthogonal with respect to the weight function w(s) within a given interval (sy, s,) ,
which is expressed as

Iw(s)yn (s)y,(s)ds=0,, (35)

This weight function in equation (31) first reported by Routh [33] and then by Romanovski [34]. The polynomial
associated with equation (34) are named after Romanovski and will be denoted by R'”’ () . Due to the decrease of

the weight function by s , integral of the type
(P-q") p(p.q") (p.q")
[wPORPO ()R (5)ds (36)
will be convergent only if n' +n<2p —1 (37)

This means that only a finite number of Romanovski polynomials are orthogonal, and the orthogonality integral of
the polynomial is expressed similar to the equation (35) where y, = R,(,p ) (s).

The orthogonality integral of the wave functions expressed in equation (39) gives rise to orthogonality integral of
the finite Romanovski polynomials, that is given as

[, (rydr = [wr R (R (5)ds (38)
0 —o0

In this case the values of p and ¢’ are not n-dependence where n is the degree of polynomials. However, if either
equation (35) or (36) is not fulfilled then the Romanovski polynomials is infinity [43].

3. Solution of Dirac Equation for central Potential in D dimension

In order to solve the radial Dirac equation in equation (14), we use the approximation value for the centrifugal term

1
as in Greene and Aldirch, and in Ikdhair [20-21], — = a’ do + 5

- ,for tr <<1 and d, =1/12
r sin, ar

For radial g-deformed trigonometric Scarf potential which is given as

vV, Vlcosq ar}

— — (39)
sin,ar  sin ar

v(r.6,)=vV(r)= az{

the D dimensional Dirac equation in equation (14) becomes



D-3

~ D—-1 ~
P Vo(E+M)+( += ) +T)_(E+M)Vlcosqar Fer)
dr’ sinz ar sinz ar
+ (=M 0 (+ 2T+ 2220 k() =0
By setting
VJ(E+M)+( + b=l,7, D_3)=VO‘
2 2
V(E+M)=V', E*-M*-d*(I +D—1)(1 +D_3’)d0 =a’E'

equation (40) becomes one dimensional Schrodinger type equation
d’F(r) —az( | V' cos, ar

P ]F(r)=—a2E'F(r)

sinfi ar sinfl ar

By variable substitution given as COS  ar = iX,/q in equation (43) we obtain

{(1+x)az+ A, Vi Viier_ }F (0=0

ax’ ox g(l+xP) q(l+x ) i
By applying equation (25) into equation (44) we have

q
(b) qpox——
28+1)— a}aD W _

az 1 Ul
wf—qT +aff’ —qB-V',+V' ixq

210D (x)
(l+x ) ox? +H q(l+x

’)

By setting the numerator of the term that has denominator of q(l + xz) to be zero then we get

qﬂa—%a+V'li q:() o=— Vll\/g =— Vli

q(B-1/2)  Jq(B-1/2)

and equation (46) reduces to
21y(B.a)
(142)2 20 Dgz(x)+{x(2ﬂ+1)— P o o) {E -0 =0
X

From the two equations in equation (47) we get

q q

(/5—1/2):% \/(q/“*"'o”"n/;)_\/(q/4+V'o—V'l\/5)

N 4TS J(q/4+vo+m5)+ \/(61/4+V'0—V'1\/E

Ja(B-1/2)

By comparing equations (30) and (48) we get
(2B8+1)=2(1-p): @ =-4" . E-B>=n(n-1)+2n(-

and from those three equations in equation (52) we get

q

q

p)

|

+E -p* D

D) (x)=0

(40)

(41)

(42)

(43)

(44)

(46)

(47)

(48)

(49)

(50)

(52)



E =(n+p)’ (53)

o \/(q/4+V'o+V'1\/3)+ [q/4+v'0—v'1\/EJ s

q q

1 \/(q/4+V'O+V'l\/5)_\/(q/4+V'0—V'l\/g) "

2 q q

The relativistic energy equation which is obtained from equations (42), (49), (53) is given as

2
~ D-1~ D- [4+V' V' 144V, =V
E2—M2=a2<z+—D21)(1+—D23)do+a2 n+1/2+{\/(‘1 . 1\@)_\/@ . 1\/5)} (56)
q q

By using equations (25), (28), (34), (49), (50), and (52) we get the the relativistic wave functions for Dirac spinor
upper components. The ground state and first excited state of Dirac spinnor upper component are given as

. 2 V.12 ~{v,+v.}2
F (S) _ smq ar 1— COSq ar
. q Ja (57)

. (V V) . 2 (V,+1)/2 —{v,+v.}2
sin_ar Cos_ar
Fl,((s):—é (1+V,)2cot, ar———""=)(qasin, ar)( ¢ ] (1__q] .

\/g—cosqar q \/E

The higher levels of excited state of of Dirac spinors are expressed in term of Romanovski polynomials that are
obtained using equations (25), (28), (34), (49), (50), and (52).

Thermodynamical Properties of Material

In non-relativistic condition, the relativistic energy equation expressed in equation (56) together with equations (41-
42) reduces into non-relativstic energy by taking (M +F ) — 2,[1 where f/ is the non-relativistic mass,

(E -M ) — E,,., E,; is the non-relativistic energy, then E*-M*=(E+MYE-M)= 2UE, and

equation (56) becomes

2
2 - _ - _ ' ' ' _
Eye=——1( 271 1)(l 4 D=3 3)d0+ (n+1/2+{\/(q/4+V°NR+V1NR q)—\/(q/4+V°NR V'NR‘/Q)} (59)
2u 2 2 4q 4q
with v02ﬂ+(7+D2_1)(1~+DT_3’):VONR' and V,2u=V,,,' (60)
Since dg is small then equation (45) reduces to
2
2 14+V' L +V' 14+v' .=V 2
Ey _a (n+1/2+ (‘] oNR TV 1Nk ‘I)_ (‘1 oNR Y INR \/E) :a_(é:_n)Z 61)
2u 4q 4q 2u



(62)

with E=—1/2+ \/(q/4+V'°NR+V'1NR\/g)_\/(q/4+V'ONR_V'1NR\/E)
4q 4q

In classical regimes [42], the vibrational partition function, vibrational mean energy, and specific heat are obtained
from the non-relativistic energy equation in Eq. (61). The vibrational partition function is defined as

3 1
Z(é,, ﬂ) = Ze_ﬂENR ’ﬂ = k—T (63)
n=0

2
k is Boltzman constant, E,; is non-relativistic energy spectrum of the system. By setting = and in the

5

classical regime when the temperature, 7, is high enough, then the value of 5 is high, and fis small therefore

equation (63) could be written into integral form as

2 5 é
n—é} s , g /_7[ ég
S =N =5|e dy=5-—— (—j (64)
;e J-e 'y 5 erf 5

%
Z<§,ﬁ>=2e{
n—¢

o

with y = and erf is the error function given as [45]

The vibrational specific heat and the vibrational mean energy are defined as

U(/f,@:—a‘;lnz@,ﬁ) awd =2 y=—p 2y ©3)

T Y;

By using equations (64) and (65) one can obtain the partition function, vibrational specific heat and the vibrational
mean energy numerically using Mat Lab.

Conclusion

The D dimensional Dirac equation for q-deformed trigonometric Scarf potential in the scheme of centrifugal term
approximation is exactly solved using Romanovski polynomials in the case of exact spin symmetric case. The D
dimensional relativistic energy spectra are obtainable numerically from D dimensional relativistic energy equation
using Matlab are always positive for spin symmetric case. In the non-relativistic limit, the non-relativistic spectra is
denerated from the relativistic energy equation by suitable parameter substitution. In the classical limit, the
thermodynamics properties are obtainable from non-relativistic energy equation. The upper component of Dirac
spinors are obtained in the form of Romanovski polynomial. Acknowledgement
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